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ABSTRACT

We review recent progress in the exploration of topological quantum states of matter in iron-based

superconductors. In particular, we focus on the non-trivial topology existing in the band structures and

superconducting states of iron’s 3d orbitals. The basic concepts, models, materials and experimental results

are reviewed. The natural integration between topology and high-temperature superconductivity in
iron-based superconductors provides great opportunities to study topological superconductivity and

Majorana modes at high temperature.

Keywords: iron-based superconductor, topological insulator, topological superconductor, spin—orbit

coupling

INTRODUCTION

Over the past decade, topology has become
an essential ingredient in the classification of
various types of materials, including insula-
tors/semiconductors, semimetals and supercon-
ductors [1-3]. The physical consequence in a
topological material is the existence of topologically
protected surface states, which can be measured
directly in transport, angle-resolved photoemis-
sion spectroscopy (ARPES), scanning tunneling
microscopy (STM) and other experiments [1-3].
In particular, in a topological superconductor,
there are surface bound states, Majorana modes,
which can be used to realize topological quantum
computing because of their topological protection
and non-Abelian braiding statistics [4].

While naturally born topological superconduc-
tors are very rare, the realization of Majorana modes
can be achieved in many artificial hybrid systems.
Recently, a wealth of proposals for such experi-
mental designs has been proposed, including the
superconducting surface states of a topological in-
sulator in proximity to conventional superconduc-
tors [S], quantum wires with strong spin-orbit
coupling in proximity to conventional supercon-
ductors [6], semiconductor—superconductor het-
erostructures [ 7], spin-chains embedded in conven-

tional superconductors [8], etc. However, these hy-
brid systems, in general, have two shortcomings.
First, it is always difficult to manage the interface be-
tween two different structures. Second, in all these
proposals, as the proximity effect requires a long
superconducting coherent length, high-temperature
superconductors, such as cuprates and iron-based
superconductors, have never been candidates for
those integration processes because of their extreme
short coherent lengths and structural incompatibil-
ity. Thus, all the devices need to be operated at very
low temperatures.

The above shortcomings can be overcome if
we can find a high-temperature superconductor
that hosts non-trivial topological band structures.
Specifically, to differentiate them from topologi-
cal superconductors as well as the above hybrid
superconducting systems, we refer to this type of
superconductors specifically as connate topological
superconductors [9]. The connate topological su-
perconductor can be viewed as an internal hybrid
system that has conventional superconductivity in
the bulk but topological superconductivity on the
surface caused by the non-trivial topology on some
part of the band structures [9,10]. Because of this
intrinsic hybridization, the superconductor, in gen-
eral, must be a multiple band electronic system. As
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iron-based high-temperature superconductors are
known to be multi-orbital electronic systems, they
become promising candidates.

During the past several years, starting from the-
oretical understanding, research into iron-based
superconductors as connate topological supercon-
ductors has gradually materialized. The first theoret-
ical study of non-trivial band topology was carried
out by us for the single-layer FeSe/STO, in which
a band inversion can take place at the M points
[11] to create non-trivial topology. Very quickly, it
was found that the band inversion can easily take
place at the I' point if the anion height from the
Fe layers is high enough. For FeSe, the height can
be increased by substituting Se with Te [12,13].
For iron pnictides, the As height is predicted to
be high enough in the 111 series, LiFeAs, to host
the non-trivial topology [14]. Besides these intrin-
sic topological properties from the Fe d orbitals,
non-trivial topology can also stem from bands out-
side the Fe layers. For example, the As p orbitals in
the As layers of 122 CaFeAs, are shown to be de-
scribed by a model similar to the Kane-Mele model
in graphene [15]. Most recently, because of the
improvement of sample quality and experimental
resolution, there has been increasing experimental
evidence for topological properties in iron-based su-
perconductors [ 16-18]. The theoretically predicted
band inversions, together with the topologically pro-
tected surface states, have been directly observed.
Majorana-like modes have been observed in sev-
eral iron-chalcogenide materials [17,18]. All of this
progress has made iron-based superconductors a
new research frontier for topological superconduc-
tivity.

In this paper, we give a brief review of both the
theoretical and experimental results regarding the
topological properties of iron-based superconduc-
tors. In the section entitled “Topology in iron d-
orbital bands’, we discuss theoretical concepts and
models for the topological band structure in iron-
based superconductors and recent experimental ev-
idence. In the section entitled ‘Connate topologi-
cal superconductivity’, we review the topological su-
perconductivity that can emerge from the topologi-
cal bands of iron-based superconductors and exper-
imental evidence of Majorana-like modes in these
materials. Finally, we will address open issues in this

field.

TOPOLOGY IN IRON D-ORBITAL BANDS
Concepts and models

Since the discovery of iron-based superconductors
in 2008, there has been remarkable progress in ma-

terial growth and synthesis of the iron-based com-
pounds. According to the element composition,
iron-based superconductors are classified into differ-
ent categories denoted by ‘1111’, ‘122’, “111’, ‘11,
etc. [19]. All categories possess the kernel substruc-
ture of an X-Fe-X trilayer with X denoting As, P,
S, Se, Te, as shown in Fig. la. The X-Fe-X tri-
layer is the basic unit cell giving rise to magnetism
and superconductivity, and plays a similar role to
the Cu-O plane in cuprates. Following the princi-
ple from complexity to simplicity, the X-Fe-X tri-
layer skips the specificity among all the compounds
in iron-based superconductors and brings the in-
trinsic physics to the surface. However, along the
opposite logic, the diversity may include important
subtle surprising differences. For iron-based super-
conductors, such kinds of accidental surprises can be
intuitively demonstrated by evaluating the sensitiv-
ity of the electronic structures upon tiny changes in
the structure of the X-Fe-X trilayer [20]. Figure 1c
gives such an intuitive demonstration. The band
structures sensitively depend on the fine-tuning of
the distances between Fe-Fe and Fe-X. In particu-
lar, the bands switch orders near the I" point, a band
gap opens near the M point and the bands become
strongly dispersive along the I'-Z direction when
the third dimension is considered. Indeed, the lay-
ered structures of the iron-based superconductors
provide possibilities to tune the distances between
Fe-Fe and Fe-X. For example, the La-O layer in
LaOFeAs and the Ba-As layer in BaFe,As; natu-
rally cause different lattice constants for Fe-X lay-
ers [21,22]. A variety of materials in the family of
iron-based superconductors provide different finely
tuned X-Fe-X trilayers.

The band fine-tuning would become non-trivial
if there exists a topological phase transition. The
discovery of topological insulators has established a
standard paradigm about the topological quantum
states of matter, which includes band inversion,
bulk-boundary correspondence, the relationship
between symmetry and topological invariance,
etc. [1,2,26-33]. For example, the first experi-
mentally confirmed 2D topological insulator, the
HgTe/CdTe quantum well, has a band inversion
induced by the large spin—orbit coupling from Hg,
depending on the thickness of the well, to give rise
to a topological insulating state [27,28]. The well
known 3D topological insulators Bi,Se; and Bi; Te;
have band inversions caused by strong spin—orbit
coupling that switches two p,-type bands with
opposite spatial-inversion-symmetry parities at the
" point [33-35]. The picture of band inversion
can be further simplified into an energy-level shift
in the atomic limit through adiabatic deforma-
tions [34]. Figure 1d gives a typical picture of the
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Figure 1. (a) The structure of the X—Fe—X trilayer. The distance between the two
nearest-neighboring ions/ion and X is labeled with a and d. (Adapted from [23].) (b)
The Brillouin zone with a high-symmetry point. The red solid/blue dashed lines label
the Brillouin zone with a one-iron/two-iron unit cell. In (c) the top/bottom panels corre-
spond to parameters (a, d) = (0.93,0.98)/(1.09,1) in units of experimental values of FeSe
[20]. (d) Schematic picture of the origin of the band structure of Bi,Ses. Starting from
the atomic orbitals of Bi and Se, the following four steps are required to understand
the band structure: (I) the hybridization of Bi orbitals and Se orbitals, (Il) the formation
of the bonding and antibonding states due to the inversion symmetry, (Ill) the crystal
field splitting, and (IV) the influence of the spin—orbit coupling, from [24]. (e) and (f)
Similar processes in iron-based superconductors at the high-symmetry point T" in (e)
and point Min (f), from [25]. In both (e) and (f), (I} is the hybridization of iron 3d orbitals
and X 4p or 5p orbitals, (ll) the crystal field splitting, (I1l) the formation of the bonding
and antibonding states, which are classified with the parities of glide-plane symmetry,
and (IV) the influence of the spin—orbit coupling or other effects.

energy-level shift under the influence of several
kinds of interactions in Bi,Se3 [24].

Interestingly, a similar picture also exists in
some specific iron-based superconductors with
finely tuned X-Fe-X layers. Typical pictures of
the energy-level shifts of iron d orbitals are shown
in Fig. le and f for the I" point in (e) and the M
point in (f), respectively. Note that the space group
of the Fe-X-Fe trilayer is P4/nmm, in which the
glide-plane mirror symmetry operation {m_|;30}

and inversion symmetry operation {i|310} are
essential [11,36-38]. First, the Bloch states can be
classified according to the parities of {mz|%%0},
ie. |dojea) or |doje, my, m;) with o, e, o, my, m;
denoting the odd or even parity of {m.|110}, the
ath d orbital, and two magnetic quantum numbers,
respectively. Second, under the inversion symmetry
operation {i %%O}, the inversion parities of |d, /¢, o)
and |dy., my, mj) for o = xz/yz, m = %1 are
opposite to the inversion parities of |d, ., ) for & =
xy. Focusing on the green rectangles in Fig. le and f,
the spin—orbit coupling can switch the order of the
energy levels with opposite inversion parities and
induce a topological phase transition [11,37,38].

In early 2014, the authors of this paper noted
a tiny band gap around the M point in the band
structure of monolayer FeSe/SrTiO3 (FeSe/STO)
[39] from ARPES measurement [40-45] and pre-
dicted the topological phase transition in this 2D
system [11]. This is the first proposal discussing
the topological quantum state of matter in iron-
based superconductors. Corresponding to Fig. 1f,
an effective k-p model can be constructed in
the basis set of [{|¥r,)}, {[W.)}] with {jv,)} =
{ldu,xy,T)a |d,, 1, %)» |do,xy,¢)v |do, —1, _%)} and
{Hblo)} = {|d5,xy,1*)s |dev -1, %)v |de,xy,¢)v |des 1,
— 2k

Hy (k) = Hilk)  H 1
Here,
H(k) 0
HM(k):|: 0 H*(—k):|’ (2)

H (k) = HY (), HR) = e(8) + d(B)o,
with e(k) = C — D(k; + k), di(k) + idy (k) =
A(k, + ik,), and d3(k) = M — B(k} + k) with
MB > 0. In the absence of the H, term, the
Hamiltonian in Eq. (1) reduces into two copies of
the Bernevig-Hughes—Zhang (BHZ) model [27],
which is the standard model for the quantum spin
Hall effect. In each subspace with odd or even par-
ity, a topologically invariant Z, = 1 can be defined.
Actually, the H, term is from the spin-flipped term
Ao (Lysy + L},sy) , which mixes the orbitals with odd
and even parities of {m,| % %O} As a consequence,
the parity of {mz|%%0} is no longer a good quan-
tum number. The two subspaces couple with each
other. The topological states are more of a weak type.
However, if the two iron sublattices have different
on-site potentials, i.e. the staggered sublattice poten-
tial, which is introduced by the substrate, the weak
topological state can be tuned into strong topologi-
cal states, because the potential can renormalize the
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mass term M in d;(k), and change its sign in only
one copy. Now, the band inversion condition with
MB > 0 is satisfied only in another copy. The topo-
logical state becomes strong and is robust against the
H, coupling without breaking time-reversal symme-
try [11].

In late 2014, the topological phase tran-
sition around the I' point was proposed in
Fe(Te; _,Se,) thin film [12], as well as in the
bulk materials [13]. The first-principles calcula-
tions indicated that the proper ratio between Te
and Se could induce the band inversion around
the I' point. Referring to Fig. le, an effective
k-p model can be constructed in the basis set

{|daa 1, %)a |da,xy,T)a |do7 -1, _%), |da,xy,¢)}:

Hr (k) = &
—M(k) Ak,
Ak_ M(k)
—M(k) —Ak_
— Ak, M(k)
(3)
Here, g0 =C — D(k} + k), M(k) =

M — B(k> + k;) In the band inversion regime,
MB > 0. Likewise, the effective k - p model around
the I' point in Eq. (3) restores the famous BHZ
model that describes the quantum spin Hall effect
in the HgTe/CdTe quantum well. In the original
paper [12], the author considered hybridization
between the p orbitals of Te/Se with the d orbitals
of Fe. The basis functions for the k - p model would
be complex. Here, we use only the d orbitals of Fe
to construct the basis functions by downfolding the
p-orbital parts without changing the symmetries.
Therefore, the effective k - p models in the basis sets
involving d and p orbitals or only d orbitals have
identical forms.

The topological phase transition around the I
point in the Fe(Te; _,Se,) thin film can be gen-
eralized into the bulk Fe(Te; _,Se,) single crystal.
Correspondingly, the 2D topological state is gener-
alized into 3D topological states, similar to the topo-
logical insulator in Bi;Se;. The topological nature
of the band structures of bulk Fe(Te; _,Se,) sin-
gle crystal was proposed through the first-principles
calculations [13]. The band inversion and Z, topo-
logical invariance was revealed. Following the pic-
ture of topological phase transition at the I" point
shown in Fig. 1e, the topological phase transition in
bulk Fe(Te; _,Se,) single crystal is a little different
from that in FeTe; _ ,Se, thin film. The spin-orbit
coupling in the latter case does not play a primary
role in the topological phase transition [12]. The

spin—orbit coupling, however, is indispensable in the
former case, because the small band gap between
'} and A4 between the '-Z points is from the
‘transmission effect’, which transmits the coupling
between I} and 'Y to the coupling between I';’
and A through the medium of spin-orbit coupling
(see [13] for the relevant band labeling). The ‘trans-
mission effect’ can be revealed by a tight-binding
model only involving the five d orbitals of iron (the
weight of the | p,, k + Q) state in the I';” band can
be renormalized to the |d,,, k) state). The inter-
layer couplings include parity-conserved terms and
parity-mixing terms [11]. Note that the I'; state in
the first-principles calculations is captured by band
4 in Fig. 2i. Without the interlayer parity-mixing
term, even the spin—orbit coupling cannot open a
gap between band 4 and bands 1, 2. Only when
both the interlayer parity-mixing term and spin-
orbit coupling are tuned on does a small band gap
open, as shown in Fig. 2i. The key interlayer parity-
mixing term is the hopping between d,; and d,, i.e.
—4it;, . (cosk, + cosk,)sink.. The effect of the
interlayer parity-mixing term can be renormalized
to obtain an effective spin—orbit coupling under the
second-order perturbation approximation:

- 0 I:lsoc
Hyoe = - s (4)
hi. 0

SOC

Frooe € Moc[H/L™ + L™ H,]. (5)

Here, Ay is the strength of the spin-orbit cou-
pling. L™ is the matrix of d orbitals. H, is the in-
terlayer parity-mixing term. Along the I'-Z line,
(k. ky) = (0,0), we have

hgoe X it;Z,yz)"soc sink,
o 0 —i 1 0
0 0 —1 —i 0

x| —i -1 0 0 —/31.(6)
1 —i 0 0 43
L0 0 =3 V3 0

Based on the information from the tight-binding

Hamiltonian, the effective k-p Hamiltonian
around the I'-Z line can be constructed un-
der the basis spanned by the states |1), [2), |3),
and |4) in Fig. 2i [10]. The detailed form of the
effective k-p Hamiltonian can be constructed
in the basis set [{[¥4)}, {|¥)}] with {|Y4)} =
{lde,xy,T>v |d07 1’ %>v |d07 _19 _%>9 |du,xy,T)s }
and {H”U} = {|de,xy.¢)s |du» 1, %)v |dov -1, _%’)v
|du,xy,l>}:
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Figure 2. (a}-{d) The ARPES and STM experimental results for monolayer FeSe/STO [47]. (e), (f) The ARPES experimental results for monolayer
Fe(Te; _ ,Se,)/STO [9]. (i-(q) The ARPES experimental results for bulk Fe(Te,Se) single crystal [16]. (a) ARPES band structure around the M point.
The black lines are theoretical band structures. (b) Experimental STM topography of the FM edge (0.1 nA, —300 mV) of FeSe/STO. The inset shows
an atomic-resolution STM topography image at the bulk position of the FM edge (0.1 nA, 100 mV), showing the topmost Se atom arrangement (the
crystal orientations are labeled). (c) Theoretical local density of states (LDOS) for edge and bulk states. (d) Experimental STS spectra of edge and bulk
states extracted from FM edges. The light blue band in (a), (c), (d) indicates the SOC gap. (e) The intensity plot divided by the Fermi—Dirac distribution
function near I" along the '—M direction for monolayer Fe(Te; _ ,Se,)/STO. (f) Curvature intensity plots along the same cut as in (e). The data were
recorded at the temperature indicated in the panel. (g) MDC plot corresponding to the spectrum in the black square in (e). (h) Comparison of the band
dispersions at I" for samples with different x. (i) First-principles calculations of band structure along '-M and '-Z The dashed box shows the SOC
gap of the inverted bands. (j) MDC curvature plot of the band data from ARPES, which enhances vertical bands (or the vertical part of one band) but
suppresses horizontal bands (or the horizontal part of one band).The red dots trace the points where the intensity of the MDC curvature exceeds the red
bar in the color-scale indicator, and the blue lines are guides to the eye indicating the band dispersion. (k) Summary of the overall band structure.The
background image is a mix of raw intensity and EDC curvature (the area in the dashed box). The bottom hole-like band is the bulk valence band, whereas
the Dirac-cone-type band is the surface band. (I) Sketch of the spin-helical FS and the band structure along &, the sample I" M direction. The EDCs at
cuts 1 and 2 were measured with SARPES. The spin pattern comes from the bottom surface. (m) Comparison of the EDCs from SARPES and HR-ARPES
measurements. The large broadening in the SARPES measurement could be partly responsible for the small spin polarization. (n) Spin-resolved EDCs
at cut 1. (p) Spin polarization curve at cut 1. (o), (q) Same as (n) and (p), but for EDCs at cut 2. The measured spin polarizations are consistent with the
spin-helical texture illustrated in (1).
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Hrz(k) =
M (k) ysink,k_. ysinkk, 0
My(k)  oki + Bk*  idk_
M, (k) i8k,y
My(k)
QL + Hiy (k). (7)

Here, the mass terms M, (k) = E, + % +
t,.(1 — cosk,)withn=1,2,4. H{% are some com-
ponents of goc in Eq. (6) and have the following
form: HF-OZC(IC) = [hll» hll;' hTZ’ —hll] with
hy = )\;“ [(o. =)@ (0. +1)], hiy = %
[iax — Oy, (1 - Gz)kzi 140, (iax + Gy)kz]'
Note that bands 4 and 2 cross along the I'-Z line
without a gap opening in Fig. 2i. Actually, this can be

called a topological Dirac semimetal state when the
chemical potential is moved to the cross point. This
state can also be described by the effective model in
Eq. (7). The target materials include Fe(Te,Se) and
Li(Fe,Co)As [14,46].

Materials and experiments

The three typical materials to realize the afore-
mentioned topological quantum states of matter
described by the three effective k:-p Hamil-
tonians are monolayer FeSe/STO, monolayer
FeTe; _,Se,/STO and FeTeSe single crystal. To
experimentally identify these topological states,
scanning  tunneling  microscopy/spectroscopy
(STM/S) and ARPES are very powerful tools.
STM/S is a real space surface measurement tech-
nique that measures the density of states as a
function of position, and can be used to distinguish
the edge states from bulk states [48,49]. ARPES is a
momentum space measurement technique that can
directly read out the band structure, and can be used
to evaluate the band evolution. The experimental
results from STM/S and ARPES for these three
materials are summarized in Fig. 2.

For monolayer FeSe/STO, the idea is based on
comparing the gap (band gap and superconduct-
ing gap) from dI/dV of STS with the energy dis-
tribution curve (EDC) of ARPES in Fig. 2a to de-
termine the bulk gap. Then, the topological states
possess edge states, which cross the bulk band gap
and are different from the trivial normal chemical
edge states [47]. The contribution to the density of
states from the topological edge states can be ex-
tracted by comparing the STS spectra between the
bulk regime and the edge regime. Figure 2c and d
shows the theoretical and experimental results, re-

spectively. The key experimental observations are
shown in Fig. 2¢, from which one can find that there
exist some additional states from the edges after
subtracting the contributions from the bulk back-
ground. However, this feature alone is not enough
to prove the non-trivial characteristics of the edge
states. The trivial edge states can also have simi-
lar dI/dV behaviors. In [47], the checkerboard an-
tiferromagnetic order is assumed to exist to open
a trivial gap around the M point in the monolayer
FeSe/SrTO. In [11], the trivial band gap at the M
point is natural by taking into account the tension
from the SrTiO; substrate. Furthermore, the coexis-
tence of antiferromagnetic order and superconduct-
ing order is doubtful in monolayer FeSe/STO, be-
cause the gap from the antiferromagnetic order is
about 50 meV, which should be easy to detect. For
example, the gap should disappear above the anti-
ferromagnetic transition temperature Ty. Thus, the
non-trivial characteristics of the edge states should
be further tested by other experimental method such
as spin-resolved STM or non-local transport [S0].

In Fe(Te,Se) thin films, the topological phase
transition appears when increasing the Te substi-
tution of Se. Pictorial band evolution about Te
substitution is a convincing evidence for the topo-
logical phase transition in Fe(Te,Se) thin film.
Therefore, an ARPES experiment is the primary
choice. Figure 2h summarizes the band dispersions
atthe I" point for samples with different x. The exper-
imental results show that a down-shifting electron-
like band moves towards the hole-like band and the
band gap between them decreases rapidly when the
Se content remains shrinks. Eventually the bands
touch each other at a Se concentration of approxi-
mately 33%, which is further revealed in the plots of
the constant energy contours and momentum dis-
tribution curves, as shown in Fig. 2e-g. The touch
point corresponds to the critical point of band inver-
sion. The ARPES experimental results give indirect
evidence of the topological band structure in mono-
layer FeTe; _,Se,/STO [9].

For the bulk FeTe; _,Se, single crystal, the
emergence of electron band 4 in Fig. 2i is the key
ingredient to produce topological states when
increasing the Te substitution of Se. The early
ARPES experiment proved its existence through
introducing electron doping with in situ K evapo-
ration [13]. The new high energy and momentum
resolution ARPES (HR-ARPES) (energy resolution
~70 eV) and the spin-resolved ARPES (SARPES)
(energy resolution ~1.7 meV) provide powerful
tools to directly observe the topological surface
states and their spin polarization. Figure 2j and k
clearly demonstrates the topological surface states
with Dirac-cone structure. Figure 2n-q identifies
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Figure 3. Schematic illustrations of three kinds of strategies to realize topological superconducting states. (a) Heterostructure involving a conventional
s-wave superconductor and topological insulator film. (b) Iron-based superconductors with topological surface states. (c) Unconventional superconduc-
tors with odd-parity pairing, i.e. the spin-polarized p + /p pairing here.

the helical spin structure of the topological surface
states. The combination of the HR-ARPES and
SARPES results directly proves the topological
band structure in the bulk FeTe; _,Se, single crys-
tal [16]. Recently, similar topological band structure
has also been identified in Li(Fe,Co)As [14], which
not only confirms theoretical predictions but also
proves the generic existence of tunable topological
states in iron-based superconductors.

CONNATE TOPOLOGICAL
SUPERCONDUCTIVITY

Material proposals

As we mentioned in the introduction, a standard
topological superconductor requires an odd-parity

pairing, as shown in Fig. 3c. The famous represen-
tative materials, including Sr,RuO, [S1] and doped
topological insulators Cu,Bi;Se; and Sr,BiSe;
[52-59], are proposed as potential topological su-
perconductors. However, the experimental situation
is far from definitive, because the odd-parity pair-
ing imposes restrictions on the pairing in the spin-
triplet channel, which is very rare in solid-state mate-
rials. Therefore, recent research has mainly focused
on some artificial structures that use the proxim-
ity effect from conventional superconductors on the
surface/edge states of the 3/2D topological insu-
lator, on semiconductor film/nanowire with strong
Rashba spin—orbit coupling, and on iron atom chains
[5-7,60-66], as shown in Fig. 3a. Effectively, the
model describing the structure in Fig. 3a eventu-
ally reduces into the simpler model in Fig. 3c. The
ultra-low superconducting transition temperature
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and the uncontrollability and uncertainty induced
by the mismatch between different materials in the
artificial structures cause many undetermined prob-
lems and take these structures far beyond practicality
[65,66].

The superconductivity in iron-based supercon-
ductors is very robust against the fine-tuning of the
band structures. Furthermore, the aforementioned
topological phase transitions around I', M and the
I'-Z line have no overall band gap because the
iron-based superconductors are of multi-orbital
type and there exist other trivial bands across the
Fermi energy besides the topological bands. When
the temperature decreases below the superconduct-
ing transition temperature, the trivial bands across
the Fermi energy open a superconducting gap due
the formation of Cooper pairs. At the boundaries
of the materials, the topological bands support the
surface/edge states, which also cross the Fermi en-
ergy. In comparison with the trivial or extrinsic prox-
imity effect involving two different kinds of materials
in Fig. 3a, the inducing superconductivity from triv-
ial bulk bands to topological boundary bands hap-
pens in a single material, and can also be called the
intrinsic or self-proximity effect, as shown in Fig. 3b.
When the Fermi energy is close to the surface Dirac
point to guarantee a good approximation of the
linear dispersion of the surface Dirac band, the su-
perconducting single Dirac band can be reduced into
a spinless p, + ip, superconductor [5,67], which is
a topological superconductor, as shown in Fig. 3c.
When the 77-flux vortex is formed in the magnetic
field, the effective topological superconductor can
support zero-energy vortex-line end states, which
are called Majorana modes.

Keeping the aforementioned picture in mind,
one can find that all iron-based superconductors
with topological band structures can support
topological superconductors. For the monolayer
FeSe/STO, the heavy hole-doped case can support
topological edge states while the electron-doped
case can support extremely high-temperature
superconductivity. Then, the boundary between the
hole-doped and electron-doped regimes in a single
monolayer sample can produce a 1D topological
superconductor. For monolayer FeTe; _,Se,/STO,
the superconductivity is robust in the whole doping
regime [9]. The topological edge states emerge
when x < 0.33, and the Cooper pairs from the
electron bands near the M point can be scattered
into topological edge states from topological bands
near the I' point. Then, the system spontaneously
transforms into a topological superconductor. For
(Ca,Pr)FeAs, and Ca; _,La,FeAs,, the distorted
As chains in the CaAs layers support topological
edge states through topological bands near the B

points, while the FeAs layers support supercon-
ductivity through the trivial bulk band near both
the I' and M points. The self-proximity effect can
induce 1D topological superconductivity in both
(Ca,Pr)FeAs, and Ca;_,La,FeAs, [15,68]. For
bulk FeTe;_,Se, single crystal, the topological
Dirac-cone-type surface states emerge at the r
point in the (001) surface Brillouin zone in the
topological doped regime. Then, the Cooper pairs
from the trivial bulk bands near the I'-Z line and
the M-A line can be scattered into the topological
Dirac-cone-type surface states. These primary and
secondary self-proximity effects can drive the bulk
FeTe; _,Se, single crystal into a 2D topological
superconductor.

Experiments and open questions

For  the  monolayer = FeSe/STO  and
FeTe; _,Se,/STO, the monolayer FeSe and
FeTe; _,Se, grow on the substrate STO through
the assistant of molecular beam epitaxy (MBE). So
far, both systems have the highest superconduct-
ing transition temperature among all iron-based
superconductors, whereas they are unstable in air.
This shortcoming provides challenges for device
fabrication and the relevant transport measurement.
In contrast, the bulk FeTe; _,Se, single crystal is
quite stable and has a nice (001) cleavage surface.
More importantly, the topological superconducting
states are 2D. The spontaneously generated vortex
under external magnetic field could bound the
Majorana zero-energy mode if the superconducting
state is topological. Then, some experimental meth-
ods like ARPES and STM/S can be used to verify
the topological superconducting state and detect
the Majorana zero-energy modes. Based on these
advantages, most experimental progress is mainly
made in the bulk FeTe; _,Se, single crystal and
(Lig.saFeo.16) OHFeSe single crystal [16-18,69,70].
We review these experiments in chronological order
below.

The first unexpected experiment is about the im-
purity bound states in FeTe( s7Seq 43 single crystals
[69]. FeTeqs7Sep43 single crystals contain a large
amount of excess iron that as single iron atoms ran-
domly situate at the interstitial sites between the
two (Te, Se) atomic planes [71]. The STM/S spec-
trum observed a strong zero-energy bound state at
the center of the single interstitial Fe impurity. The
experimental results are summarized in Fig. 4a—f.
The zero-energy bound state has the following fea-
tures. (1) The spatial pattern of the zero-energy
bound state is almost circular, which is different
from the cross-shape pattern of the Zn impurity in
Bi,Sr,Ca(Cu,Zn), 05 4 5 [72]. (2) The intensity of
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Figure 4. (a)-{f) The STM/S experimental results for zero-bias states trapped by interstitial Fe impurity in FeTegs;Seq4s [69]. (g)-(I) The STM/S ex-
perimental results for bound states trapped by the vortex in FeTegssSegss [17,70]. (a) Topographic image of an isolated single interstitial Fe impurity
(100 x 100 A). (b) Zero-energy map for the area boxed in (a). (c) Spectra taken on top of and away from the interstitial Fe impurity. (d) Zero-energy
peak value MO) versus distance r from single interstitial Fe impurity. The solid curve is an exponential fit with & = 3.5 A. Inset is a schematic image
for the spatial distribution of interstitial Fe impurity scattering. (e) The spectra taken at the same interstitial Fe impurity at different temperatures. (f)
The spectra taken at the same interstitial Fe impurity under different magnetic fields. The blue V-shaped dashed line is a guide to the eye showing
the expected Zeeman splitting (g = 2). (g) A zero-bias conductance map (area 15 nm x 15 nm) around vortex cores. (h) A line-cut intensity plot along
the black dashed line indicated in (g). (i) Evolution of zero-hias peaks with tunneling barrier measured at 0.55 K. Gy = /;/ Vs, which corresponds to the
energy-averaged conductance of normal states, and represents the conductance of the tunneling barrier. /; and V; are the STS setpoint parameters. ()
Temperature evolution of zero-bias peaks in a vortex core. The gray curves are numerically broadened 0.55 K data at each temperature. (k) Image of
a single vortex in a 20 nm x 20 nm region measured at 0.48 K and 4 T. (I) Tunneling spectra measured along the arrowed lines marked 1 in (k) with
increment steps of 7.6 A. The dashed line shows the position of the zero-bias voltage. The discrete CdGM bound-state peaks can be clearly observed
near the vortex core center.

the zero-energy bound state exponentially decays
with a characteristic length of £ = 3.5 A, which is al-
most one order of magnitude smaller than the typi-
cal coherent length of 25 A in the iron-based super-
conductor [73,74]. (3) The bound state is strictly at
zero even when the external magnetic field increases
to 8 T. (4) The zero-energy bound-state peak re-
mains at zero energy even when two interstitial Fe
impurity atoms are located near each other (~15 A).

It is a serious challenge to consistently explain these
features of the zero-energy bound state induced by
interstitial Fe impurity. The d-wave pairing symme-
try scenario can result in a zero-energy bound state
at the unitary limit [75], but this violates feature (1).
The Kondo impurity resonance scenario can give
an accidental zero-energy bound state [75], but this
violates feature (4). A fascinating scenario is that
the mode is a Majorana zero-energy mode [76,77],
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which captures features (1)—(3). Recently, a theo-
retical work claimed that an interstitial Fe impurity
could bound an quantum anomalous vortex without
a magnetic field, and the quantum anomalous vor-
tex can bound a Majorana zero-energy mode when
topological surface states of FeTeq5;7Seq 43 become
superconducting [78]. However, it is still hard to ex-
plain feature (4) by the Majorana zero-energy mode
scenario. So far, the origin of the zero-energy bound
state trapped by interstitial Fe impurity is still unde-
termined. Topological or other reasons need further
experimental and theoretical exploration.

The second experimental breakthrough is
about the vortex bound states on the surface of
FeTeg s5Seo4s single crystals [17,70]. FeTeq 55Seq 45
belongs to a type-II superconductor. Once a small
external magnetic field is applied along the c-axis,
magnetic vortex structures are formed due to
the small lower critical field H,;. High-resolution
STM/S can measure the bound states trapped
by the vortex. Two experimental groups claimed
completely different results for the same material,
FeTepssSep4s single crystals. The former group
claimed that they observed a sharp zero-bias peak
inside a vortex core that does not split when mov-
ing away from the vortex center, which could be
attributed to the nearly pure Majorana bound state
[17]. The experimental results are summarized in
Fig. 4g—j and 1. The vortex bound states exhibit
the following features. (1) Statistically, there is a
success rate of about 20% in observing the isolated
pure Majorana bound states during more than 150
measurements. (2) Across a large range of magnetic
fields the observed zero-bias peak does not split
when moving away from a vortex center. (3) Most of
the observed zero-bias peaks vanish around 3 K. (4)
Robust zero-bias peaks can be observed over two
orders of magnitude in tunneling barrier conduc-
tance, with the width barely changing. Feature (1) is
argued to be attributed to the disorder effect and/or
inhomogeneous distribution of Te/Se. Feature
(2) is attributed to the large Ay/Er ratio in this
system. Feature (3) is attributed to the idea that the
Caroli-de Gennes—Matricon (CAdGM) state [79] is
protected by a mini-energy gap with a temperature
of about Afc /Er ~ 3 K, and thermal excitation
around and beyond 3 K can kill the CAdGM state.
Feature (4) indicates that the line width of zero-bias
peaks is almost completely limited by the combined
broadening of energy resolution and STM thermal
effect, suggesting that the intrinsic width of the
Majorana bound state is much smaller in the weak
tunneling regime [80,81]. The detailed experi-
mental measurements eliminate some scenarios to
cause a zero-bias peak in tunneling experiments,
such as antilocalization, reflectionless tunneling,

the Kondo effect, Josephson supercurrent and
packed CdGM states near zero energy [56,82-88).
Features (2)-(4) can be well understood with the
Majorana bound-state scenario, so it is probable
that the observed zero-bias peaks correspond to
a Majorana bound state. However, feature (1) is
a serious problem, which is different from other
proposals to realize Majorana bound states. In
the present experiments, it seems that no com-
prehensive evidence of the disorder effect and/or
influence of the inhomogeneous distribution of
Te/Se is provided. Furthermore, if the observed
zero-bias peaks are from Majorana bound states,
the non-Abelian statistics can be demonstrated
by moving a vortex with an STM tip. This kind of
experiment is the smoking gun for Majorana modes.
Another experimental group claimed that they only
observed the trivial CdGM bound state trapped by a
vortex in the same FeTe( 55 Seq 45 single crystals. For
statistics, the energies of bound-state peaks close to
the zero bias are collected from all nine measured
vortices presented in [70]. The experimental results
are summarized in Fig. 4k and 1. In principle, there
should be a special vortex to bound the zero-bias
peak according to the 20% success rate claimed
in the former experiment. Unfortunately, the two
experiments for the same material from two groups
give inconsistent results [17,70]. The argument
attributing the difference to the different annealing
processes is not very convincing. It seems that
the appearance of zero-bias peaks is selective. The
behaviors challenge the topological origin, which is
usually universal and robust.

The third subsequent experiment is about the
vortex bound states on the FeSe cleavage plane of
(Ligg4Feo.16)OHFeSe single crystal [18]. Com-
pared with FeTessSeq4s, the superconducting
FeSe layers in (Ligs4Feq15)OHFeSe are stoichio-
metric. Therefore, there exist defect-free areas,
which support the unpinned or free vortex idea.
The STM/S measurements show that (1) the free
vortex cores bound zero-bias modes, which do not
shift with varying underlying superconducting gap
as the other peaks do; (2) the zero-bias modes
survive to high magnetic field due to the short
coherence length; and (3) the zero-bias mode
coexists with other low-lying CdGM states but they
are separate from each other. These features are
similar to those of the zero-bias modes observed
in FeTegssSeo4s. Therefore, the zero-bias modes
can also be attributed to Majorana zero-energy
modes, and can be argued to have a topological
origin in (LiggsFeo16)OHFeSe. However, the
topological origin in (Ligg4Feg16)OHFeSe is
undetermined, unlike FeTessSeqss with solid
experimental evidence for the topological band
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structure. Recalling the discussions about the band
inversion along the I'-Z line in FeTegssSep4s in
the section entitled ‘Concepts and models’, the
strong dispersion of band 4 in Fig. 2j benefits from
the quite small layer distance and the large size of
Te atoms. Band 4 in pure FeSe is flat [13]. It is
very strange that band 4 in (Ligg4Feg 15) OHFeSe
has strong dispersion. Furthermore, the band gap
opening is due to the strong spin-orbit coupling
from the Te atom, not the Se atom. Another critical
condition to obtain the topological surface states
is that the chemical potential must properly lie in
the quite small band gap. However, the chemical
potential in (Ligg4Feo16) OHFeSe is far from the
band gap. In this situation, the top and bottom
surfaces start to communicate with each other
and break the zero-bias mode. Finally, it lacks the
smoking-gun ARPES experiment to prove the
helical structure of the claimed observed topological
surface states in (Lig g4Feg 1) OHFeSe. In summary,
the experimental observations of the zero-bias
modes in (Ligg4Feg 1) OHFeSe are clearer, but the
topological origin needs to be understood.

SUMMARY AND PERSPECTIVES

The discovery of topological insulators has estab-
lished a standard paradigm to guide the commu-
nities to pursue topological states of matter in
quantum materials. Such pursuits cause intersec-
tions between the topology and iron-based super-
conductors. As emphasized in this review, impor-
tant principles for the theoretical understanding of
the energy-band topology in new materials include
applying general concepts with the help of sym-
metry analysis and constructing effective models.
For iron-based superconductors, the multi-orbital
band structures and the diversity of materials pro-
vide opportunities to realize the effective theoret-
ical models. These topological materials include
monolayer FeSe/STO, monolayer Fe; _,Se,/STO,
FeTe; _,Se,, LiFe; _ ,Co,As, etc.

In the superconducting states, one naturally ex-
pects to obtain the topological superconducting
states with the help of the self-proximity effect. How-
ever, unlike the energy-band topology, the expected
topological superconducting states exhibit many un-
expected experimental phenomena, including the
surprising robust zero-energy mode trapped by Fe
impurity in FeTe( 57Seo 43, the selective appearance
of the zero-bias mode trapped by the vortex in
FeTegs57Se0.43, and the coexistence of the zero-bias
mode and CdGM states trapped by the free vortex
in (Ligg4Feo 16) OHFeSe. Even if all these phenom-
ena are attributed to Majorana zero-energy modes,
there are deep inconsistencies within different ex-

periments as well as between experiments and the-
ories. In this respect, clarifying the creation mecha-
nism of these so-called Majorana zero-energy modes
is worth pursuing. For such efforts, the availability
of high-quality single crystal, whose chemical po-
tential can be artificially finely tuned, would be cru-
cial. Once the physics of the so-called Majorana
zero-energy modes is clarified, finding ways to ma-
nipulate the non-Abelian statistics of the Majorana
zero-energy modes is a significant challenge for fu-
ture applications in quantum computing.

Iron-based superconductors have rich phase di-
agrams. Beside the normal and superconducting
phases, there are nematic, orbital ordering and var-
ious antiferromagnetic phases. Searching the topol-
ogy embedded in these ordered phases would be in-
teresting. For the theoretical aspect, there have been
some studies [89,90], but the experimental explo-
ration is blank. In future, a stronger collaboration be-
tween theory and experiment is required to explore
topological quantum states in the new materials of
iron-based superconductors.

Finally, it cannot be entirely ruled out that the
superconducting states of iron-based superconduc-
tors themselves could be highly unconventional.
Despite the 10 years of research into iron-based
superconductors, there still are many unsolved
puzzles [91,92] observed by a variety of different
experimental methods, such as transport, Raman
spectra, neutron scattering, nuclear magnetic reso-
nance, electron spin resonance, STM/S, ARPES,
etc. For example, the interplay between spin, orbital,
lattice and charge degrees of freedom is not fully
understood; not only is there no smoking-gun
proof for the s, pairing yet but it is also clear that
the s4 pairing symmetry cannot be valid for many
iron-chalcogenide systems; whether there is a
sign change in the superconducting states of iron-
chalcogenide systems without hole pockets or not is
highly debated; and the origin of the enhancement
of the transition temperature found in single-layer
FeSe remains to be understood. The topological
exploration in iron-based superconductors may help
us to discover surprising characters and mechanisms
hidden behind the superconducting pairing, and
lead to answers to these unsolved puzzles.
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